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Abstract:Let X be aBanach gpace W e present sime afficient conditions for which a Banach gace X has
nomal structure by using the modulus of U - convexity, modulusof W~ - convexity and the coefficient of weak or-

thogonality.
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1 Introduction and Prelm inaries

We asame that X and X stand for a Banach
Pace and its dual pace, regectively By S, and By
we denote the unit ghere and the unit ball of aBanach
Pace X, regectively Let C be a nonanpty bounded
closed convex subset of aBanach ace X.

Defnition 1: A mgoping T: C -C is said o be
nonexpansive provided the inequality

[ Tx- Tyl ] x-yll
holds for every x, y C

Defnition 22 A Banach pace X is said o have
the fixed point property if every nonexpansive T: C -C
has a fixd point, where C isa nonempty bounded closed
convex of aBanach gace X.

Defnition 3: A Banach gace X iscalled © be u-

nifomly non - square if there existd >0 such that
[| x+y]|] /12 1-d

or
[| x-y|| /12< 1-0

whenever x, y  S..

Defnition 4: A bounded convex subset K of a
Banach gace X is said to have nomal structure if for
every convex subsetH of K that containsmore than one
point, there exists a point x, H such that

an{ll % - yll:y H} <sp{||x-y|l:xy H}

Defnition 5: A Banach gace X is said o have
weak nomal structure if every weakly campact convex
ubset of X that containsmore than one point has nor-
mal structure

In reflexive gaces, both notions coincide

Defnition 6: A Banach ace X is said o have
unifom nomal structure if there exists0 <c <1 such
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that for any closed bounded convex subset K of X that
contains more than one point, there exists x, K
uch that
w{ll % - yll:y Kp <cap{[|x-yll:xy K}
Itwas proved by W. A. Kirk that every reflexive Ba-
nach gpace with nomal structure has the fixed
point property >

TheWORTH property was introduced by B. Sms™"
asfollovs aBanach gace X has theWORTH property
if

Tml %, +xil - % - x| =0

forall x X and all weak null ssquences (x,).

Ga" 2

introduced the modulusof U - convexity,
and modulusof W~ - convexity of a Banach gace X,

repectively, asfollovs
U, €) :inf{l-—;ll x+yl ixy S
f(x-y)=€ forsmef V,}
WS €): =i (- Y)ixy S,

I x-yll >¢ for smef v,}
S-:f(x) =l xll'}. S Sae

jund™® ! studied the above modulus extensively, and

Here v,: ={f

oot sme useful reaults as follovs
1) fU,€) >00orWw € ) >0 for smee
(0,2), then X isunifomly non - sjuare

2) U, €) >—;max{ 0,€ - 1} for smee

(0,2), then X have unifom nomal structure Further

ifUy € ) >max{ 0, - 1} for smee (0,2), thenX
and X~ have unifom nomal structure
3) Fw, €) >—;max{ 0,6 - 1} for smee

(0,2), thenX and X~ have unifom nomal structure
In a recent paper [4], Gao introduced the followv-
ing quadratic parameter, which was defined as
E(X) = sup{ll x+yl 2+l x-yl >xy S}
The constant is al® significant tool in the geomet-
ric theory of Banach gaces Furthemore, Gao ob-
tained the values of E (X) for sime classical Banach
gaces In tem of the constant, he got sme aufficient
conditions for aBanach gace X © have unifom nomal
structure, which played an mportant role in fixed point
theory.

Defnition 7: Let F be filter on N. A squence
{x} in X converges to x with regpect © F, denoted by
lime x, =x if for each neighborhood U of x, {i
U} F

Defnition 8: An ultrafilter is called trivial if it is
of the fom A:A N, i N, oth-
ewise, it iscalled nontrivial

Let I, (X) denote the subgpace of the product
Pace Un X equipped with the nom II (x,) II : =

N: X

A for some fixed |

ap, vl X, I <oo. Leth be an ultrafilter on and letN
and let
Ne ={(%) L X:lmIll xlI =0}

The ultrgpower of X, denoted by X, is the quotient
pace L, /N, equipped with the quotient nom. W rite
(% ). o denote the elaments of the ultrgpover Note

that ifd is nontrivial, then X can be anbedded into X
ismetrically.

2 Result and Proof

In this pgoer, we introduce a geametric constant
as followvs
W (LX) = supfA > 0A lim infl x + txll <

lim infll x, - Il } (0 < t< 1)

n-o

W here the supemum is taken over all the weakly

f*quence x, in X and all elements x of X and—:; <

w (t X) <t the constantw (x) is the case of t =11,
Thenwewill show that aBanach gace X has unifom
nomall structure whenever Uy (1 +@ (t X)) >

—(—t‘—ll-wz X orWy (1 +w (t X)) >—(—t‘—)1'('02 X))

results mprove the S Saejung’ s and Gao’ s reaqults

These

Lemma 1" Let X be aBanach gace without

weak nomal structure, then there exists aweakly null

squence { X, } -1 S S such that

o %, }n=1
Theorean 1 Let X be aBanach pace, if there

exits 0 < t< 1, such that Uy (1 +w (t X)) >

Imll x, - xI =1 forall x

1'—(’02&’&, then X have unifom nomal structure
Proof: By the hypothesis there exists 0 < t< 1

1-0(tX)

auch thatUy (1 +0 (t, X)) > > , then it suf-
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fices to prove that X hasweak nomal structurewhenev- structure

erUy, (14w (t X)) >1'—w2(—t‘l). In fact, since—:; Remark: the inequality Uy (1 +0 (X)) >1'—(*)2(&
_ . _ . . 13]

S(D(tX)J < wehaeU, €) >t (,02 X o is the case of t=1 in thispgperl™.

for sme€ (0, 2), This mpliesthat X is super - re-
flexive and then U, € ) =U, € )"™’. Now suppose
that X fails o have weak nomal structure Then, by
the Lanma 1, there exists a weakly null sequence
{ % }n=1 IN'S; such that
Iinmll x, -xl =1

forall x oo % }n-1

Take {f,} CS(- such that f,
By the reflexivity of X, without loss of generality, we

v, foralln N.

may asame that fnw— f for Ime f By- (wherew—
denote weak star convergence). W e now choose a sub-
squence of { x, }n-1, denote again by { X, }n-1,
auch that

ILmII Xie1 - X =1,

| (= D0 1 <75, 6 G6) <

forall n N. It follows that
lim, fo.r (%) = Iim, (f..0 - 1) (%) +f(x) =0Q
Put
X = (X1 - %)

y:[w(tx) (Xn+l+xn)]u1andf :('fn)u
by the definition ofw (t, x) and above Lanma, then

£l =f(x) =l xI =1
and
Iyl =l [ (tX) (X1 +%) Tl S0 %00 - %1 =1

Furthemore, we have

f(x-y) =Im(- 1) ((1-0(tX))x. -
(140 (t, X)) %) =1+ (t X)
I x+yll :|En|| ((1+0 (t, X)) Xyuq -

(1-0(tX))x%) I 2
|'[n(fn+1) (140 (X)) Xuq -
(1-0(t X)) %) =1+ (t X).
Fram the definiton of U, € ), we have
1-w (tX)
2
which is a contradiction Therefore Uy (1 +w (t, X))

>l—03!tX)
2

Ux (140 (t X)) =Ux (140 (t, X)) <

mplies that X have uniform nomal

The modulus of convexity of X is the function
O, €):[0,2] -[0, 1], defined by:

o, €) :inf{l-”—xgﬂ:x,y S,

Il x-yl =} =inf{1-1 X; Loy <1,

Iyl <1, x-yl =€},

The function &, (€ ) dtrictly increasing on
[€o(x),2]. HereE, (x) =pf€ :0, € ) =0} isthe
charateristic of convexity of X. Al X is unifomly
nonsquare providede , (x) <2 On various geametrical
properties and the geametric condition aufficient for
nomal structure in teim of the modulus of convexity
have been widely studied in paper[3], [5], [12],
[16]. Itiseasy b prove thatU, € ) 20, € ), there
fore we have the followving comllary 2 which easy
strengthens theoran 6 of Gao in paper [6].

Corollary 1 Let X be aBanach pace, if there
exits 0 < t< 1, wuch thatd, (1 +w (t X)) >
1-w(tX)

> ,

Remark: In fact corllary 1 isequivalent b Theor-

then X have unifom nomal structure

ern 2 of pgper [6],when t=1

It iswell known that€, (x) =2 'x- (0), here
t
p'x (0) =tlrypx—i) Py (t) is the modulus of snooth-

ness be defined as

I x+tyll +1 x- tyll

2
Therefor we have the folloving corollary.

Px (1) = sup{ -Lixy S}

Corollary 2 Let X be aBanach gace, if there

exits0 <t< 1, such thatd, (20 (t X)) >1'—w2(—tl),

then X and X~ have unifom nomal structure
Pr oof: since—; SwW (t X)) <t fran 20 (t X)

< t+0 (t X) (0<t< 1) and the monotne ofd, € ),
we have X have unifom nomal structure fran the cor-
ollary 1, we know that® (t, X) =w (t X ) inare
flexive Banach pace S the inequalityp'yx- (0) <
w (t X) or equivalently€ , (x) <20 (t X) mply X’
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have unifom nomall structure Fom the definition of
€, (x), obviously the condition d, (20 (t X)) >

1-w (tX)
2

unifom nomal structure
Theoren 2 Let X be aBanach gace, if there
exits0 < t< 1, such that Wy, (1 +® (t X)) >

, mply€, (x) <20 (t X). S X have

1_—(*)2(i‘ﬁ, then X have unifom nomal structure
Proof: It suffices o prove that X hasweak nomal

1-w(tX)

structure whenever W, (1 +® (t, X)) > >

In fact, since—é < (t X)) < t,we havew, () >
1-w(tX)
2
X is auper - reflexive, thenw, € ) =wy €) ™.
Repeating the arguments in the proof of Theorem 1, and
X = (% - Xu1)u

y = [@(tX) (% +%) 1, andf = (f,),
then

> 0 for sime€ (0, 2). This mplies that

f(x) =l xIl =1
and
Iyl <1
Furthemore, we have
I x- vl =I'[nll ((L+0 (t, X)) Xy4q - (1-

W (£ X))x) = 1m(f..) ((1+
W (X)) % - (-0 (X)) x) =
14w (t X)

A _1..
2f(x-y) —zlgn(fn)((l-w(tx))m-

(140 (£ X)) %1) =1—‘°2(—LX1

But this mpliesw, (1 +w (t X)) =W, (1 +
1-w(tX)

w(t X)) < 5 , Which is a ocontradiction
ThereforeW, (1 +w (t X)) >1'—w(—t'l), mply that

2
X have unifom nomal structure
Remark: the inequality W, (1 +w (X)) >

1-w(X)

[16]
5 1.

is the caz of t=
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