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摘　要 :令 X是 Banach空间 ,根据凸性 U -模与凸性 W
3 -模和弱正交系数之间的关系来证明

Banach空间 X具有正规结构.由此加强了一些已知的结论.
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Abstract:Let X be a Banach space. W e p resent some sufficient conditions for which a Banach space X has

normal structure by using the modulus of U - convexity, modulus ofW
3

- convexity and the coefficient of weak or2
thogonality.
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1　 In troduc tion and P re lim ina rie s

W e assume that X and X
3 stand for a Banach

space and its dual space, respectively. By SX and BX

we denote the unit sphere and the unit ball of a Banach

space X , respectively. Let C be a nonemp ty bounded

closed convex subset of a Banach space X.

D ef in ition 1: A mapp ing T: C→C is said to be

nonexpansive p rovided the inequality

| | Tx - Ty | |≤| | x - y | |

holds for every x, y∈C.

D ef in ition 2: A Banach space X is said to have

the fixed point p roperty if every nonexpansive T: C→C

has a fixd point, where C is a nonemp ty bounded closed

convex of a Banach space X.

D ef in ition 3: A Banach space X is called to be u2

niform ly non - square if there existsδ> 0 such that

| | x + y | | /2 ≤ 1 -δ

or

| | x - y | | /2 ≤ 1 -δ

whenever x, y∈SX .

D ef in ition 4: A bounded convex subset K of a

Banach space X is said to have normal structure if for

every convex subset H of K that contains more than one

point, there exists a point x0∈H such that

sup{ | | x0 - y | | : y∈H} < sup{ | | x - y | | : x, y∈H}

　　D ef in ition 5: A Banach space X is said to have

weak normal structure if every weakly compact convex

subset of X that contains more than one point has nor2
mal structure.

In reflexive spaces, both notions coincide.

D ef in ition 6: A Banach space X is said to have

uniform normal structure if there exists 0 < c < 1 such



that for any closed bounded convex subset K of X that

contains more than one point, there exists x0 ∈ K

such that

sup{ | | x0 - y | | : y∈K} < csup{ | | x - y | | : x, y∈K}

It was p roved by W. A. Kirk that every reflexive Ba2
nach space with normal structure has the fixed

point p roperty
[ 8 ].

The WORTH property was introduced by B. Sim s
[14 ]

as follows: a Banach space X has the WORTH p roperty

if

lim
n→∞
‖xn + x‖ - ‖xn - x‖ = 0

for all x∈X and all weak null sequences ( xn ) .

Gao[ 1 - 2 ] introduced the modulus of U - convexity,

and modulus of W
3

- convexity of a Banach space X ,

respectively, as follows:

　　UX (ε) = inf{ 1 -
1
2
‖x + y‖: x, y∈SX ,

f ( x - y) ≥ε　for some f∈¨ x }

W
3
X (ε) : = inf{

1
2

f ( x - y) : x, y∈SX ,

‖x - y‖≥ε　for some f∈¨ x }

Here ¨ x : = { f∈Sx3 : f ( x ) = ‖x‖}. S. Sae2
jung[ 10 - 11 ] studied the above modulus extensively, and

got some useful results as follows:

1) If UX (ε) > 0 or W
3 (ε) > 0 for someε∈

(0, 2) , then X is uniform ly non - square.

2) If UX (ε) >
1
2

max{ 0,ε - 1 } for someε∈

(0, 2) , then X have uniform normal structure. Further

if UX (ε) >max{ 0,ε - 1} for someε∈ (0, 2) , then X

and X
3

have uniform normal structure.

3) If W
3
X (ε) >

1
2

max{ 0,ε - 1} for someε∈

(0, 2) , then X and X
3 have uniform normal structure.

In a recent paper [ 4 ] , Gao introduced the follow2
ing quadratic parameter, which was defined as:

E (X ) = sup{‖x + y‖2
+‖x - y‖2

: x, y ∈ SX }

　　The constant is also significant tool in the geomet2
ric theory of Banach spaces. Furthermore, Gao ob2
tained the values of E ( X ) for some classical Banach

spaces. In term of the constant, he got some sufficient

conditions for a Banach space X to have uniform normal

structure, which p layed an important role in fixed point

theory.

D ef in ition 7: Let F be filter on N. A sequence

{ xn } in X converges to x with respect to F , denoted by

limF xi = x if for each neighborhood U of x, { i∈N : xi∈

U }∈F.

D ef in ition 8: An ultrafilter is called trivial if it is

of the form A: A∈N , i0∈A for some fixed i0∈N , oth2
erwise, it is called nontrivial.

Let l∞ ( X ) denote the subspace of the p roduct

space ∏

n∈N
X equipped with the norm ‖ ( xn ) ‖: =

supn∈N ‖xn‖ <∞. Letμ be an ultrafilter on and let N

and let

N u = { ( xn ) ∈ l∞ (X ) : lim〗‖xn‖ = 0}

　　The ultrapower of X , denoted by X , is the quotient

space l∞ /N u equipped with the quotient norm. W rite

( xn ) u to denote the elements of the ultrapower. Note

that ifμ is nontrivial, then X can be embedded into X

isometrically.

2　R e su lt and P roo f

In this paper, we introduce a geometric constant

as follows:

　ω ( t, X ) = sup{λ > 0:λlim inf
n→∞
‖xx + tx‖≤

lim inf
n→∞
‖xn - tx‖} (0 < t≤ 1)

W here the supermum is taken over all the weakly

sequence xn in X and all elements x of X and
t
3
≤

ω ( t, X ) ≤t, the constantω ( x) is the case of t = 1
[ 15 ]

.

Then we will show that a Banach space X has uniform

normall structure whenever UX ( 1 +ω ( t, X ) ) >

1 -ω( t, X )

2
or W

3
X (1 +ω ( t, X ) ) >

1 -ω( t, X )

2
. These

results imp rove the S. Saejung’s and Gao’s results.

L emma 1[ 5 ] 　Let X be a Banach space without

weak normal structure, then there exists a weakly null

sequence { xn }
∞
n = 1 Α SX such that

lim
n
‖xn - x‖ = 1 fo r a ll x ∈ co{ xn }

∞
n =1

　　Theorem 1　Let X be a Banach space, if there

exits 0 < t≤ 1, such that UX ( 1 +ω ( t, X ) ) >

1 -ω ( t, X )

2
, then X have uniform normal structure.

Proof: By the hypothesis there exists 0 < t≤1

such that UX (1 +ω ( t, X ) ) >
1 -ω ( t, X )

2
, then it suf2
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fices to p rove that X hasweak normal structure whenev2

er UX (1 +ω ( t, X ) ) >
1 -ω ( t, X )

2
. In fact, since

t
3

≤ω ( t, X ) ≤ t, we have UX (ε) >
1 -ω ( t, X )

2
≥0,

for someε∈ (0, 2) , This imp lies that X is super - re2
flexive and then UX (ε) = U珘X (ε) [ 10 ]

. Now suppose

that X fails to have weak normal structure. Then, by

the Lemma 1, there exists a weakly null sequence

{ xn }
∞
n = 1 in SX such that

lim
n
‖xn - x‖ = 1

for all x∈co{ xn }
∞
n = 1.

Take { fn } < SX 3 such that fn∈¨ xn
for all n∈N.

By the reflexivity of X
3

, without loss of generality, we

may assume that fn
w 3

f for some f∈BX 3 (where
w 3

denote weak star convergence). W e now choose a sub2
sequence of { xn }

∞
n = 1 , denote again by { xn }

∞
n = 1 ,

such that

lim
n
‖xn +1 - xn‖ = 1,

| ( fn +1 - f) ( xn ) | <
1
n

, 　fn ( xn +1 ) <
1
n

for all n∈N. It follows that

limn fn +1 ( xn ) = limn ( fn +1 - f) ( xn ) + f ( xn ) = 0.

Put

珓x = ( xn +1 - xn ) u ,

珓y = [ω ( t, X ) ( xn +1 + xn ) ]u , and f
～

= ( - fn ) u

by the definition ofω ( t, x) and above Lemma, then

‖f
～

‖ = f
～

(珓x) =‖珓x‖ = 1

and

‖珓y‖ =‖[ω( t, X ) ( xn + 1 + xn ) ]u‖≤‖xn + 1 - xn‖ =1.

Furthermore, we have

f
～

(珓x -珓y) = lim
u

( - fn ) ( (1 -ω ( t, X ) ) xn + 1 -

(1 +ω ( t, X ) ) xn ) = 1 +ω ( t, X )

　‖珓x +珓y‖ = lim
u
‖ ( (1 +ω ( t, X ) ) xn + 1 -

(1 -ω ( t, X ) ) xn ) ‖≥

lim
u

( fn + 1 ) ( (1 +ω ( t, X ) ) xn + 1 -

(1 -ω ( t, X ) ) xn ) = 1 +ω ( t, X ) .

From the definiton of UX (ε) , we have

UX (1 +ω ( t, X ) ) =U珘X (1 +ω ( t, X ) )≤1 -ω ( t, X )

2

which is a contradiction. Therefore UX ( 1 +ω ( t, X ) )

>
1 -ω ( t, X )

2
imp lies that X have uniform normal

structure.

Remark: the inequality UX (1 +ω (X ) ) >
1 -ω(X )

2

is the case of t =1 in this paper[13 ].

The modulus of convexity of X is the function

δX (ε) : [ 0, 2 ]→[ 0, 1 ], defined by:

δX (ε) = inf{ 1 -
‖x + y‖

2
: x, y∈SX ,

‖x - y‖ =ε} = inf{ 1 -
‖x + y‖

2
:‖x‖≤1,

‖y‖≤1, ‖x - y‖≥ε}.

The function δX (ε ) strictly increasing on

[ε0 ( x) , 2 ]. Hereε0 ( x) = sup{ε:δX (ε) = 0} is the

charateristic of convexity of X. A lso X is uniform ly

nonsquare p rovidedε0 ( x) < 2. On various geometrical

p roperties and the geometric condition sufficient for

normal structure in term of the modulus of convexity

have been widely studied in paper [ 3 ] , [ 5 ] , [ 12 ] ,

[ 16 ]. It is easy to p rove that UX (ε)≥δX (ε) , there2
fore we have the following corollary 2 which easy

strengthens theorem 6 of Gao in paper [ 6 ].

Corollary 1　Let X be a Banach space, if there

exits 0 < t≤ 1, such thatδX ( 1 +ω ( t, X ) ) >

1 -ω ( t, X )

2
, then X have uniform normal structure.

Remark: In fact corollary 1 is equivalent to Theor2
ern 2 of paper [ 6 ] , when t = 1.

It is well known thatε0 ( x ) = 2ρ′X 3 ( 0 ) , here

ρ′X (0) = lim
t→0

ρX ( t)

t
, ρX ( t) is the modulus of smooth2

ness be defined as

ρX ( t) = sup{
‖x + ty‖ +‖x - ty‖

2
- 1: x, y∈SX }.

Therefor we have the following corollary.

Corollary 2　Let X be a Banach space, if there

exits 0 < t≤1, such thatδX (2ω ( t, X ) ) >
1 -ω( t, X )

2
,

then X and X
3

have uniform normal structure.

Proof: since
t
3
≤ω ( t, X ) ) ≤ t, from 2ω ( t, X )

≤t +ω ( t, X ) (0 < t≤1) and the monotone ofδX (ε) ,

we have X have uniform normal structure from the cor2
ollary 1, we know thatω ( t, X ) =ω ( t, X

3 ) in a re2
flexive Banach space. So the inequalityρ′X 3 ( 0 ) <

ω ( t, X ) or equivalentlyε0 ( x) < 2ω ( t, X ) imp ly X
3
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have uniform normall structure. Form the definition of

ε0 ( x) , obviously the condition δX ( 2ω ( t, X ) ) >

1 -ω ( t, X )

2
, imp lyε0 ( x ) < 2ω ( t, X ) . So X

3 have

uniform normal structure.

Theorem 2　Let X be a Banach space, if there

exits 0 < t≤ 1, such that W
3
X ( 1 +ω ( t, X ) ) >

1 -ω ( t, X )

2
, then X have uniform normal structure.

Proof: It suffices to p rove that X hasweak normal

structure wheneverW
3
X ( 1 +ω ( t, X ) ) >

1 -ω ( t, X )

2
.

In fact, since
t
3
≤ω ( t, X ) ) ≤ t, we have W

3
X ( 2ε) >

1 -ω ( t, X )

2
≥0 for someε∈ (0, 2) . This imp lies that

X is super - reflexive, then W
3
X (ε) = W

3
珘X (ε) [ 11 ]

.

Repeating the arguments in the p roof of Theorem 1, and

珓x = ( xn - xn +1 ) u ,

珓y = [ω ( t, X ) ( xn +1 + xn ) ]u , and f
～

= ( fn ) u

then

f (珓x) =‖珓x‖ = 1

and

‖珓y‖≤1.

Furthermore, we have

　‖珓x -珓y‖ = lim
u
‖ ( (1 +ω ( t, X ) ) xn + 1 - (1 -

ω ( t, X ) ) xn ) ‖≥lim
u

( fn + 1 ) ( (1 +

ω ( t, X ) ) xn + 1 - (1 -ω ( t, X ) ) xn ) =

1 +ω ( t, X )

　 1
2

f
～

(珓x -珓y) =
1
2

lim
u

( fn ) ( (1 -ω ( t, X ) ) xn -

(1 +ω ( t, X ) ) xn + 1 ) =
1 -ω ( t, X )

2
.

But this imp lies W
3
X ( 1 +ω ( t, X ) ) = W

3
珘X ( 1 +

ω ( t, X ) ) ≤ 1 -ω ( t, X )

2
, which is a contradiction.

Therefore W
3
X (1 +ω ( t, X ) ) >

1 -ω ( t, X )

2
, imp ly that

X have uniform normal structure.

Remark: the inequality W
3
X ( 1 +ω ( X ) ) >

1 -ω (X )

2
is the case of t = 1

[ 16 ]
.
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